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1. INTR~DUCTI~~V 
Let @ be the automorphism group of a finitely generated free group F 
of rank n. The action of @ on the quotient of F by its commutator subgroup 
gives a homomorphism p from @ onto G&(Z), whose kernel we denote by K. 
For n = 2, this representation gives much information since Nielsen [6] 
proved that K is the subgroup of inner automorphisms. For n > 3, however, 
K is much larger and its structure unknown, so that this representation alone 
is no longer satisfactory. We therefore attempt to find integral representations 
of @ whose kernels are smaller than K. 
In Section 2 we consider integral representations, pc , constructed from the 
action of Cp on C/C’, where C is a characteristic subgroup of finite index in F. 
w e prove that such representations “exhaust” @, in the sense that nc kernel 
(pc) = 1. In fact, we construct in this way an infinite sequence of representa- 
tions pi , with kernels Ki , such that K = K,, 2 Kl 3 ... r) Ki 3 K.i+l 3 ..., 
and ni Ki = 1. Each pi contains piPI as a constituent and this leads to a 
faithful representation of @ in terms of infinite matrices. 
Since the degrees of the representations pi become quite large, one would 
like to know their irreducible constituents. This is a difficult problem to solve 
in general. In Section 3, we limit ourselves to the free group of rank 3 and 
obtain the reduction for pr . We prove that when pa = p is “split off” from 
p1 , the remaining constituent is irreducible. This provides an example of an 
irreducible representation of @ which doesn’t factor through p. Irreducibility 
is established by a highly computational method. The representation in 
question is first viewed as a representation of a finite subgroup G of @, 
G being generated by three of the four known generators for @. Using our 
knowledge ‘of the irreducible representations of G, we find all proper G- 
invariant submodules of our representation space and prove that none of 
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these remain invariant under the fourth generator of @. The computations for 
Tables I-VI were verified with the aid of SCRATCHPAD, an experimental 
symbolic manipulation program developed at the IBM Thomas J. Watson 
Research Center. 
We adopt throughout the following notations: If G is a group, G’ is its 
commutator subgroup, Aut(G) the full group of automorphisms of G. If 
g E G, Int g denotes inner automorphism by g. 
Specific references are given in the text, but a general reference on com- 
binatorial group theory is [5]. 
2. A SEQUENCE OF MATRIX REPRESEKTATIONS 
Throughout this section, F will denote the free group on the free generators 
x1 ,..., X, , fz > 1, and @ its automorphism group. 
If C is a characteristic subgroup of F and a E Dp, then 01 induces an auto- 
morphism of C and hence of C/C’. We thus have a homomorphism pc: 
@ -+ Aut(C/C’). If C is of finite index in F, then C is a finitely generated free 
group and C/C’ is a finitely generated free abelian group. The homomorphism 
pc is then a representation of @ in terms of finite integral matrices of deter- 
minant il. If C = F, pF: @ -+ GL,(Z) is the homomorphism p of di onto 
the full group of n x tz matrices over Z with determinant &I. 
In this section we provide an affirmative answer to the following question: 
If C varies over all characteristic subgroups of F of finite index, do the 
representations pc “exhaust” @-i.e., is the intersection of their kernels the 
identity automorphism ? In fact, it will not be necessary to consider all such C, 
but only a certain sequence of verbal subgroups which we now define. 
Let V,, = F, P7< = V<+,(Z), the subgroup generated by the squares of all 
elements in t/i-r , for i = 1, 2 ,... . Clearly VO 3 Vr 3 iI, 3 ..I. In fact, 
fli F; = 1, and V’i is of finite index in V,-r [5, pp. 109%1101, so a11 V< are of 
finite index in F. This index is clearly a power of 2. We set pr,, = pi , and iet 
Ki = kernel pi , lldi = image pi . With this notation K, = K, MO = GL,(Z), 
PO = P* 
We will make use of the following lemma. 
Proof. Since F/Vi is a 2-group, x’ru E Vi means ,LL is a power of 2. Say 
f~ = 2” with 0 < k < i. x1 is a primitive element of F so via is a primitive 
element of l/, . This can be seen immediately if the Reidemeister-Schreier 
method is employed to find free generators for V, in terms of a system of free 
generators for F containing x1 . Similarly, x1* is primitive in Vz , etc., and 
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~~~11~1 is primitive in Vk . Now, xlu cannot belong to Vi since I/i is a proper fully 
invariant subgroup of the free group V, . 
PROPOSITION 1. K, 3 K~ 3 Kz 3 ... 
Proof. We let F = V,, , S = V, , for simplicity of notation. pO : @ + 
Aut(F/F’), ,J~: @ + Aut(S/S’). W e must show that p,, factors through p1 , 
which is equivalent to K,, 3 KI . 
Since F 3 S 3 F’ 3 S’, S/S’, as a Q-module contains the submodule F’IS’. 
The representation p1 thus breaks up into two constituents, one afforded by 
the submodule F’/S’ and the other afforded by the quotient module 
(S/S’)/(F’/S’) g S/F’. W e h ave the following commutative diagram 
Pl @ - iI& C Aut( S/S’) 
Aut(S/F’) 
We claim that the @-module S/F’ is equivalent to the Q-module F/F. 
F/F’ has as a basis the classes of x, ,..., &x~ denoted by LQ ,..., %,*, . S/F’ g 
(F/F’)(p) and thus has as a basis {TIP,..., %Tz”}. F/F’ and SF’ are clearly 
equivalent as Z-modules. But the generators of @ obtained by Nielsen [7] are 
given in [5, p. 1641 as P, Q, CT, U, where 
P: Xl + x2 ) X$ -+ XI ) xi - xi ) i+ 1,2? 
@ xi + xi+1 ) i f ?Z, x’,rz + Xl , 
(2-l) 
u: Xl + xp, xi - xi ) i f 1 > 
u: Xl --f x,x, ) xi -+ xi , i i 1. 
These automorphisms clearly effect the same transformations on (3, ,..., x,} 
as on {X12,..., %na}. The action of @ on S/F’ is then the same as its action on 
F/F’. K, is thus identical with the kernel of @ + Aut(S/F’). By our diagram, 
then, Kl C K, . 
To show Ki C K,el, in general, we apply the same argument. We let 
@,_I = Aut(Vi-J, and map @ + Qi+ , where an automorphism of F is 
mapped to its induced automorphism on & . Since Vipl is a finitely 
generated free group, we have, by the argument just given, the commutative 
diagram 
pi: CD + CD-~ -+ Aut( VJV,‘) 
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As before, Vi/ I/-i-, is equivalent as a @,-,-module to Vi-i/ P-i-1 , and we may 
replace Aut( VJITi-r) by Aut( F+,/I$P,) in the diagram. We then have 
Ki C K,-, . 
We now prove ni Ki = 1 or the following theorem. 
THEOREM 1. If a: # 1 is an automorphism of F, then for some i, OL does lzot 
induce the idelztity automorphism on T7J Vi’. 
PYOO~. We first prove a lemma which is in fact the statement of the 
theorem in case 01 is an inner automorphism. 
LEMMA 2. The centralizep of V,/ Vi in F/ Vi’ is Vi/ Vf’. 
Proof of Lemma 2. This is equivalent to showing that if g $ Vi ) Int g 
does not induce the identity automorphism on I’,jVj’. Assume, then, that 
Int g induces the identity automorphism on VJVi’. By a result of Magnus 
[4, p. 7641, F/Vi’ is faithfully represented in the group of 2 x 2 matrices of 
the form (g “1> where x E F/ p-i and L is a linear form in the indeterminates 
t, ,.=., t, with coefficients in the integral group ring z(Fi~,). An element of 
Vi/Vi has the form (,’ “1). A t g c in on this element by the induced automor- 
phism of Int g gives 
where g is considered module I; . By our assumption gL = L as linear forms 
over Z(F/VJ. To arrive at a contradiction we simply have to show that not 
all L associated with elements of FJVj’ can have this property. Let Y = 2i. 
xxv E Vi . In our representation xlyVi is 
( 1 (x-i + .?-a + ..’ + 1) t, 0 1 )- 
so gx--l + gdp2 + ... + g = dpl f XI-’ + ... + 1 in Z(F/Q. 1, .x1,..., x1-r 
are all distinct module Vi by Lemma 1. Therefore, g, gr, ,..., gx-’ are all 
distinct modulo Vi _ We then haveg = xu mod I<-; for some p E {I, 2,..., Y - 11, 
sinceg $ Fi. Repeating the same argument with xs”, we see that g = ~a” mod Vi 
for some q E (1, 2,..., Y - l}. This implies that xluxgn E Vi . This is impossible 
since Iii is fully invariant in F and choosing the endomorphism x1 + x1 i 
x2 --f 1, xi + xi, i > 2, we obtain x1” E Vi which contradicts Lemma 1. 
Now, returning to Theorem 1, we first observe that for some g E F, 
g-&(g) 1 1 since 01 f 1. ni Vi = 1 so g-k(g) 6 I: for some i. With g and i 
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as above, we show that 01 does not induce the identity automorphism on Vi/ Vi. 
For assume the contrary. 
ol.Intg =Intol(g),olE@, g EF. 
Let both sides of this equation act on VJ Vi’. Then Int g and Int a(g) induce 
the same automorphism of L’JV,‘. For any v E Vi 
gug-l E a(g) m(g)-l mod T/i’. 
So (g-&(g)) I/i’ is in the centralizer of Vi/Vi’ in F/Vi’. But g%(g) $ Vi , 
which is a contradiction to Lemma 2. 
For the matrix representations pi , the proof of Proposition 1 shows the 
following: p. is an n X n representation of @ over Z. p1 is a representation 
over Z which contains p. as a constituent, i.e., with respect to a suitable basis, 
PA4 = ((Pi"*(a)) (po&)l olE@. 
And in general, pi is a matrix representation of @ over Z which has pieI as a 
constituent. With respect to a suitable basis, 
pi(a)= I:‘) @m . . . (p;m)), aE@. 
If we continue this process indefinitely, we get a representation of @ in terms 
of infinite matrices over Z. Theorem 1 then tells us that this representation is 
faithful. 
From the viewpoint of topological groups, we have the following inter- 
pretation: Proposition 1 tells us that we have an inverse system of topological 
groups and homomorphisms 
the Mi (= Image pi) being integral matrix groups with discrete topology. 
If ,4 is the inverse limit of this system we have a homomorphism I/J: Cp + /I. 
Theorem 1 tells us that # is an injection. In fact [2, p. 1321, if @ is given the 
subgroup topology of the I& , then /I = 6, where 6 is the completion, by 
Cauchy sequences, of @ with respect to this topology. 
3. IRREDUCIBILITY OF pl* FOR RANK 3 
In this section we begin a study of the reduction theory of the representa- 
tions pi , limiting ourselves to rank 3. We set F = <a, b, c), I/; = S through- 
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out this section. p,, , having as its image the full group GL,(Zj, is irreducible 
for all 12. When p,, is “split off” from p1 , the remaining constituent pr* is 
afforded by the module F’/S’. We prove that pl* is absolutely irreducible. 
We regard pr* as a representation over C, but continue to refer to our module 
as F’/S’ instead ofF’/S’ 0.x C. pl* has degree 14 since degree p1 = rank S = 
17. We first compute the action under pl* of the generators P, Q, G, U of CD 
(see (2.1)) on a basis ( yr ,..., yta} of F’/S’. We then regard pl* as a representa- 
tion of the group, G, generated by P, Q, cr. G is finite of order 45 and isomor- 
phic to the full group of qmmetries of the cube El, p. 901. We use the irre- 
ducible representations of G to find all proper G-submodules of 17*,‘S’ and 
prove that none of these is U-invariant. This implies that F/S’ has no 
proper @-submodules and is irreducible as a @-module. 
Using the Reidemeister-Schreier method, we find free generators for S 
are: zcr = a?, x2 := bab-la-l, x3 = b”, x4 = cat-la-l, x5 == cbc-lb-l, x6 = cp, 
x7 = abab-l, x8 = ab’a-I, x9 = am-l, xIO = acbc-lb-la-l, xl1 = ac’la--l, 
xl2 = bcac-lb-la-l, xl3 = bcbc-l, xl4 = bc%b-‘, xl5 = abcac-lb-l, x 16 = 
abcbc-la-l, xl7 = abc”b-la-l. Successive Nielsen transformations transform 
these to a new system of free generators: rl , ?ca , -2’s , x2, .Q, x5, x;“+ f 
-1 x3x<‘, $x6 , xl0 , x6x;:, xl2 , x&, , x,gc;~, ~~~~~~~ , x8 xl6 , .x&. The first 
three of these are not in F’, whereas the latter 14 are. These 14 elements 
represent the classes of a basis { y1 ,..., Y,~} for F/S’. All our computations 
will be done via the faithful representation of F/S in terms of 2 x 2 matrices 
discussed in the proof of Lemma 2. Since F’/S’ C S/S’ all matrices will have 
the form (A 4) where L = r,t, f rbt, + retc , r. , yb , rc E Z(FjSj. 
In Table I we list the linear forms, L, corresponding to the basis { y1 ,...) ylij 
of F/S’. In Tables II-V we list the action of P* = pi+(P), Q* = pi*(Q), 
a.* = pt*(o), L:* = pl*( U) respectively on { y1 ,..., y&j, in matrix form. 
The ten irreducible representations of G and its character table can be 
deduced from [3, pp. 304-3091. We find that the representations which occur 
as constituents of the representation pl* of G are ,fl ,.I’, :fa , fi with multi- 
plicities 1, 2, 2, 1 respectively, where 
fm = 1 fl(U) = 1 f,(Pj = ---I 
f,(P) = (-b -iI 
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A G-submodule for fi must have as a basis a single vector Zmiyi such that 
P*: Zmiyi -+ Z - miyi Q*: Zmiyi ---f .Emiyi 8: Zmiyi -+ Zm,yi . 
Using Tables II-V we see that these equations give a unique subspace X 
spanned by 
(1, -1, 1, -1, 0, 0, -1, 1, 0, 1, -1, 1, 0, 0). 
TABLE 1 
Basis element L 
(b - a - ab + 1) tb 
cc - 1) tb + 
b(c - 1) tl, 
a(c - 1) tb 
ab(c - 1) tb -f 
(c-a-Czc-tl)t, 
(1 - a) tc 
b(c - a - UC + 1) tc 
b(1 - a) to 
(a - 1) tc 
b(n - 1) f 
(c - bc - b + 1) t, 
(1 - 6) tc 
(b - 1) tc 
a(1 - b)t, 
u(b - 1) t, 
TABLE 11 
The Linear Transformation of {yl ,..., 3~~~) Effected by P* 
. . .- 1 . . 
. . . . . . 
. . . . . . 
. . .- 1 
1 . . ; : 
. . .- 1 . . 
-; : : i : : 
-1 . . 1 . 
.-1 . . . . . . 
. . . 1 
. . . . i : : : 
. . . . . . . . 
. . . 1 . . . . 
. . . . . . 1 . 
. . . . 1 . . 
. . . . . . . 
. . . . . . . 1 
. 1 . . . . . . . . . . . . 
. . 1 . . . 
. . . . . i : : : : : : : 
. . .- 1.;. . . . . . 
. . . . . . .- ; 1 : . . . . 
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Similarly we see that a G-submodule for fi2 is spanned by two vectors 
(t - s, t, t, s, -t, -t, -t, -s, t, s - t, -s - t, s + t, 2t, -2t) 
(0, -s - t, s, t, 2t, -t, -s, -t, t, t - s, s, -s, --f, t). 
We call such a submodule V,,, for s and t not both zero. 
TABLE III 
The Linear Transformation of j>ll ,..., ylz} Effected by Q* 
... ..... 1 .... 
.. .- i .. .- 1 ...... 
.. .- 1 ...... 
i : : -i ; : -i : 
i : : : 
. .... 
. 1. .-1.. .... 1. 
-1.. 1.. ........ 
........... 1 I . 
-1.-l ..l 
1.. .-i 
..... .I 
....... 
. -1 ........... 
11.. ......... 
... I .-1 ........ 
. -1-l 1. ....... 
T.kBLE IV 
The Linear Transformation of {yl I..., y14). Effected by ub 
1 ~ . . . . . . . . . . . . 
1. ........... 
...... -1 ....... 
...... .- 1 ...... 
. . . 1 . . . . . . . . . 
....... .- 1 ..... 
. -1 ........... 
.. .- 1 .......... 
.... .-- 1 ........ 
......... 1 
.......... 1 ... 
........... 1 . 
............ 1 
. . . . . . . . . . . . . 1 
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TABLE V 
The Linear Transformation of {yl ,..., y14] Effected by U* 
1 . . . . 
. . . . 1 
. . 1 
i : 
. i : . . 
. . . . . 
. . . . . 
-1 . . . . 
-1 . . . . 
. . . . . 
. . . . . 
. . . . . 
. . . . . 
. . . . . 
. . . . . . . . . 
. . . . 1 . . . . 
. . . . . . . 1 . 
. . . . 
. . .- ; : : : : 
i . . . . . . 1 
. .--I 1.. 1.. 
1 . . . . . . 
. i-1. . 1. . . 
. . . . 1 
. . . . . i : : . 
. . . . . 1 . . 
. . . . . . 1 
. . . . . . . 1 . 
A G-submodule for f3 is spanned by three vectors 
(-4 - y, 0, 0, 0, 0, 0, 0, 0, 0, 0, P, (I> r, y> 
(0, 4, 0, 0, r, 0, 0, 0, 0, 4 + y, 0, 0, 0, 0) 
(0, 0, -q, -4, 0, -p, -3, --Q, -7, 0, (Jo, 0, 0). 
We call such a submodule I,vQ,r for q and Y not both zero. 
A G-submodule forf5 is uniquely determined by the vectors 
(O,O, 1, --1,o,o, 1, -LO, o,o, o,o, 0) 
(-l,O, o,o, o,o, o,o, o,o, -1, -l,O, 0) 
(0, 1, 0, 0, 0, 0, 0, 0, 0, -1, 0, O? 0, 0). 
We call this submodule Y. 
Any G-module of F/S’ has the form 
where ki = 0 or 1. We must prove that no such proper subspace is U- 
invariant. To aid in this we list in Table VI a decomposition of the G-module 
F’/S’ into irreducible submodules and the action of U on each of the basis 
vectors. To test for U-invariance we do not have to go through all possible 
direct sums of X, Y, vs,t , i7g,r . We immediately eliminate the possibility 
of @-submodules of low dimension via Lemmas 34 below. The proofs of 
these lemmas can easily be deduced from Table VI and will be omitted. 
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LEMMA 3. A U-invariant G-submodule which contains a direct wmmand 
of X must also contain a direct summand of VS,t for some s, t not both zero. 
LEMMA 4. A U-invariant G-submodule .which contains a direct summand 
of V,,, (for s, t not both zero) must also contain a direct summand of JVg,, fol 
some q, r not both zero. 
LEMMA 5. A U-invariant G-submodule which contains a direct summand 
of WQ,, (for q, Y not both zero) must also contain Y as a direct summand. 
LEMMA 6. A U-invariant G-submodule which contains a direct summand of 
Y must also contain a direct summand of X. 
Thus, a @-submodule must contain at least one direct summand of each of 
x Y v,,, 9 and Wq,, . This leaves us with but three cases to consider. These 
can again be contradicted, though somewhat laboriously, with the aid of 
Table VI. 
We have the following. 
THEOREM 2. F’IS’ is absolutely irreducible as a @-module in the case n = 3. 
COROLLARY 1. If C is a characteristic subgroup of F = (a, b, c) such that 
F’ 3 C 1 s’ then F’/C is-finite. 
We now show that the representation pl*: @ + Aut(F’/S’) does not factor 
through the representation @ + G&(Z). pl* factors through the latter 
representation if and only if (uU)p E k ernel pl* [5, p. 1681. Computing via 
Tables IV and V we see that P~*((uU)~) has the following effect on ys: 
Y3& -Y7&Ys -Y9 -Yl2 -"-t -Y4 +ys -J'n 
-% -Y4 fY6 fY14 --le. 
Clearly then (oU)~ q! kernel pl*. 
We thus have an irreducible representation of @ which does not factor 
through p: @ - G&(Z). 
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